Abstract. In [L4] we showed that, under certain conditions, a variety satisfies a given congruence identity if and only if it satisfies the same tolerance identity. Moreover, we mentioned that a parallel result holds for Mal'cev conditions arising from graphs. In the present note we give detailed definitions and state these more general results.
Definition 1. Suppose that G, H are graphs with edges labeled by n labels α 1 , . . . , α n and with h distinguished vertices d 1 , . . . , d h and e 1 , . . . , e h . Let V and W denote the set of all vertices of G and H.
For each i with 1 ≤ i ≤ n, let ∼ i be the least equivalence relation on V such that v ∼ i v ′ whenever v and v ′ are vertices of V which are connected by some edge labeled by α i . For each i with 1 ≤ i ≤ n, fix π i to be any function from V to an arbitrary set of variables with the property that ker π i =∼ i .
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If G is finite, the Mal'cev condition M (G, H) involves operations t w (w ∈ W ) depending on |V | variables (in fact, we shall identify the variables of t w with the vertices of G p ). Given a fixed arbitrary enumeration v 1 , . . . , v m of V , the identities of M (G, H) are the following:
for k = 1, . . . , h, plus all the identities:
whenever w and w ′ are vertices of G connected by an edge labeled α i .
In the particular case when G and H are associated with terms, we get the classical strong Mal'cev condition associated to an inclusion. Namely, if
The Mal'cev conditions introduced in Definition 1 are connected with properties of congruences in algebras by the next definition.
Definition 2. Suppose that G is a graph with h > 1 distinguished vertices d 1 , . . . , d h and with edges labeled by the set of labels {R 1 , ..., R n }, where the R i 's are symmetric and reflexive binary relations on some set A.
We say that the elements a 1 , . . . , a h ∈ A can be connected by the graph G if and only if there exists some function c from the set V of vertices of We define the h-ary relation G(R 1 , ..., R n ) on A as follows: a 1 , . . . , a h ∈ G(R 1 , ..., R n ) if and only if a 1 , . . . , a h ∈ A can be connected by the graph G.
Notice that if A is an algebra and the R i 's are compatible relations then G(R 1 , ..., R n ) is compatible, too, that is, a subalgebra of A h .
In the particular case when the graph G = G p is associated to the term p we get that (
Suppose that H is another graph of the same type. Tolerances will be indicated be Θ, Φ, . . . , and congruences by α, β . . . . We say that A satisfies G ⊆ H for tolerances, or simply that
holds for all n-tuples Θ 1 , . . . , Θ n of tolerances on A. We similarly say that A satisfies G ⊆ H for congruences, or A satisfies G(α 1 , . . . , α n ) ⊆ H(α 1 , . . . , α n ) when the R i 's are only allowed to vary among congruences.
Finally, we say that a variety V satisfies G ⊆ H for tolerances, or congruences in case every algebra in V does.
The classical arguments by Wille and Pixley [P, W] now furnish the following. Theorem 3. For every variety V and graphs G and H, if G is finite, then the following are equivalent.
(i) V satisfies G(α 1 , . . . , α n ) ⊆ H(α 1 , . . . , α n ).
(ii) The free algebra in V generated by |V | elements satisfies G(α 1 , . . . , α n ) ⊆ H(α 1 , . . . , α n ).
(iii) V satisfies the Mal'cev condition M (G, H).
(ii) ⇒ (iii) Consider the free algebra in V generated by the set V of the vertices of G and, for every i, let α i be the smallest congruence containing each equivalence class of ∼ i . The elements d 1 , . . . , d h can be connected by the graph G, that is, d 1 , . . . , d h ∈ G(R 1 , ..., R n ), hence, by assumption,
If we write down explicitly this last condition, (letting e 1 = d 1 , . . . , e h = d h ) and since we are in a free algebra, we get exactly terms giving M (G, H).
(iii) ⇒ (i). Suppose that A ∈ V and that a 1 , . . . , a h can be connected by the graph G. This is witnessed by |V | elements a 1 , . . . , a m ∈ A. Then the elements t w (a 1 , . . . , a m ) (w ∈ W ) witness that a 1 , . . . , a h can be connected by the graph H, by using the identities in M (G, H).
In the particular case when G and H are associated with terms, we get back the classical version of the Wille and Pixley Theorem: for congruences, a variety satisfies p ⊆ q if and only if it satisfies M (p ⊆ q), which equals M (G p , G q ).
We now want to formulate a result which connects conditions on congruences to conditions on tolerances, as in [L4] .
In [L3, L4] we introduced and studied the following notions.
Definition 4. A tolerance Θ of some algebra A is representable if and only if there exists a compatible and reflexive relation R on A such that Θ = R•R − (here, R − denotes the converse of R). A tolerance Θ of some algebra A is weakly representable if and only if there exists a set K (possibly infinite) and there are compatible and reflexive
We say that the graph G is regular if and only if it is finite and for every 1 ≤ i ≤ n all equivalence classes of ∼ i have cardinality ≤ 2. Thus, if a term p is regular in the sense of [L4] , then the labeled graph associated with p is regular.
The methods of [L4] imply the following statement, which generalizes [L4, Theorem 3.1].
Theorem 5. For every variety V and graphs G and H, if G is regular, then the following are equivalent.
(
Theorem 5 has the following immediate corollary (cf. [L4, Corollary 5 .1]). Corollary 6. For every variety V and graphs G and H, if G is regular, then the following are equivalent.
There is a version of Theorem 5 in which the assumption that G is regular is not necessary. If G is finite, compute the integers k i (which depend only on G) as follows. If X is an equivalence class of ∼ i in the graph G and x ∈ X, let k i (x, X) be the smallest integer such that every element of X can be connected to x by a path of length ≤ k i (x, X) contained in X. Let k i (X) be inf{k i (x, X)|x ∈ X} and finally let k i = 2 · sup{k i (X)|X an equivalence class of ∼ i } (compare the remark after [L4, Proposition 7.6] ). If Θ is a tolerance, let Θ k denote Θ • Θ . . . with k occurrences of Θ. Theorem 7. For every variety V and graphs G and H, the following are equivalent.
1 , . . . , Θ kn n ) for tolerances. Remarks 8. (a) A generalization of [L4, Remark 7 .2] along the lines described here holds, too.
(b) We have other applications of the main trick used in the proof of [L4, Theorem 3.1]). For example, in certain cases, we may allow q there to contain the operation α∪β = α ∪ β, where X denotes the least admissible relation generated by X. Moreover, we have results in which p, q are allowed to contain the ternary operations K(α, β; γ) and K rs (α, β; γ) introduced in [L1, Definition 3.4 and p. 867] (cf. also [L2] ). We know still further applications of the arguments in the proof of [L4, Theorem 3 .1]) and Theorem 5. All such generalizations are not yet published.
